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Abstract: The article deals with the problem of constructing solution of the Darboux problem for telegraph
equation for the case with deviation from the characteristic. In this paper preliminarily is constructed Riemann-
Hadamard function and uniqueness theorem is established for Darboux problem. Then using the function of
Riemann-Hadamard was constructed a solution of the Darboux problem explicitly.
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I. INTRODUCTION AND PRELIMINARY
Consider a problem of the Darboux type for the telegrath equation
LoV = Vi —Vyy +CV =0, 1)
where C is an arbitrary complex number in the domain D bounded by the characteristic CB ( x+y =1) of equation
(1), line AC (kx—y =0), and by the segment AB of the axis y = 0.

Problem D . In the domain D find a function v(x, y) which satisfies the conditions:

v(x,y) e C(D)ACY(DU AB) AC2(D); (2)
Lv(x,y)=0, (x Y)eD; 3)
v(x,0)=7(x), 0<x<1; (4)
V(x, kx) = ¢(x), 0<x< ﬁ ®)

where 7(x) and ¢(x) are given sufficiently smooth functions.

Definition. We call a function v(X, y) quazi-regular solution of (1) if the following hold
o V(X,y)satisfies (2);

e we can to applicate Green’s theorem to the integrals

IIVLOdedy, ”vxLovdxdy, HvyLovdxdy;
D D D

o the boundary integrals which arise exist in the sense that: the limits taken over corresponding interior curves
exist as these interior curves approach the boundary.

Il. THEOREM OF UNIQUENESS

Assume vy,Vv, : two solutions of Problem D for equation (1) and boundary conditons. Then take v=v; —v,. In
this case function v(x,y) in D satisfying equation (1) and following boundary conditions
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v=0ony
v=0on{y=0}nD
Therefore for proof uniqueness solution Problem D it is enough to show that v=0 in D .

Theorem 1. If v(X,y) — quazi-regular solution of (1) in D and constant ¢ >0,

v(x,y)=01in D.

Vlegy-opor0r, =0

Proof. Consider v=v(x,y) be aquazi-regular of (1) defined in D . Besides consider the integral

2[[ (by +avy )y, —Vyy +cv)dxdy
D

where a,b sufficiently smooth functions of (x,y).

then

By virtue of (1) this integral vanishes. The functions a,b are chosen in in such a way that, after a transformation of
the integral by Green's formula, one obtains a positive (or non-negative) definite expression which vanishes only if

v=0inD.

Consider identities

Besides employ Green's theorem:

oQ oP
ox oy

Then employing above identities and applying Greene theorem we get:

f P(x, y)dx+Q(x, y)dy = [ ( xdy .
D

J = [[ byvi —a,vi +2a,v,vy +b,vE +b,v? +a,v?)dxdy+
D

+ I+I+ I( bv? +2av,v, +bv§ +bcv2)dy+(av§ +2bv,v, +av2 —acv?)dx =
n v, {y=0}nD

:I+J1+J2 +J3

0= [(bv§ +2av,v, +bv] +bev?)dy +(avy +2ov,v, +av; —acv?)dx=J; +J;, +J3
71U72L){y:0}

Finally we must choose: "nice functions” a=a(x,y), b=b(x,y), in D so that all conditions hold. If this occurs

then uniqueness follows immediately.
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Choose a=—kb, b=c. Obviously I =0. From v(x,y)=0on {y =0}y, and the fact that
dy = —kdx (on y;), dy=dx (ony,)
we get
dy=—kdx v=0 v,dy+v,dx=0
J; = [(Kb+a)@—k*)Vv] —cv®)dx=0
N

35 = [[c@-K)W, +v,)? +c?v? A+K)dx >0
72

Jy=—kc [vidx>0
{y=0}~D

I1l. CONSTRUCTION FUNCTION RIEMANN-HADAMARD

On the plane (x,y) we pass to the characteristic coordinates &£ =x+y, 77 =x—Yy . Then equation (1) takes the form
c
Lu=ug, +-u=0
4
where
1 1
u(@.m) =ul ~(&+mn).(&-n)
2 2
and the domain D is mapped to the domain

:{(5177)0<6&<'7<a§<1,a:1_k>1}

1+k

and, respectively, Problem D is posed as follows:

Problem D’. Inthe domain A find a function v(x, y) which satisfies the conditions
u(&,n) e C(A)ACH AU {77 = af}) Alg, € C(A);

Lu(é,n) =0,(&n) €A,
W af) = 1(£),0< £ < é;

U, &) =w($),0<&<1;
w(0) = ¢(0).

It is well known that the Riemann-—Hadamard function plays an important role in the study of problem D’; this
function was defined and constructed in [1-6] for some special cases of Eq.(1).In this section, we present an in a
sense modified (as compared with the approaches used in the above-mentioned papers) approach to defining the
Riemann-—Hadamard function of problem D’ for Eq. (1) in case if boundary values is defined on non-characteristic.

Let domain A is divided into following subdomains

Uo—{(é‘n)ln<a§§< a’7>§o},

Ok —{(fn)ln<a§§< — > j‘)}
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g n
O2k+1 :{(5,77)|77<a§,§< ako+1 > aTL ’

@ :{(5177)|77<’70:§<§o:77>§o~f>72},

w2k—{(§77)|§ To_e< éo,n< ,77>§°}
0.’ (04

wm—{(r:n)lé T &> i&l,n o< ji}

A —{(é Din>5> "o fli}

Ay —{(5n)|n>§§> <0 J7<Z°}

k=1.2,..

In what follows, we assume that function is known as the Riemann—Hadamard function R(&,7;&,,7,) satisfies
conditions

1. LR(§,77;§0,770) = R,;,] +cR=0.
2. Rf |n=l70 =0, Rn |§=§0 =0, R |f7=§un=a§: 0.

3-6(£§] O[Rl—llm{ (égyfkoﬂrgfo 770} R[§ 50 &, & Uoﬂ

6[;52] =0, [Rz = I|m {R(f, ZO &%, 770] R[f;Zi—Siéo?’?oj
a[Ra]‘O [Rs]_hm{ (gok e o ’70] R[éi—s:n:f:o:no]

on a [24 J
8[;;] =0, [R4]_ |Im { (a +&,880; ’70] R[Zi_g;g;go;ﬂoj

4.R(&,m,80,10) =1
k=12,..

Then the function of the Riemann-Hadamard is determined by the recurrent formulas as follows

Ro‘ = Ra)2k - ‘JO(\/C(']a_k_l - é:OXak+1§ _770))1(51 77) € O

2k

JO(X/C(aHlf— fo)(ﬂa_k_l ~ o ))’(5’77) € T2k+1

=R +
%2k+1 Dok+1

= Ry, ~Jo(fot@n - &lea™ —0) (&) € Mg,

Aokt @

=R, + Jo(x/c(a iy - ’70)(50!4(_1 - &0 ))1(5177) € Agia;

Aoks2 2k+1
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Ropea = Rage ™ JO(\/C(akﬂ(’e ~Tlo )(’7“4(71 —%o ))'(fvﬂ) € Dyi1,

Ropis = Rages ™ JO(\/C(akﬂg = %o )(’70‘4(71 ~ o ))v(@ 1) € Oy,

where J,(-) is Bessel function of zero order.

IVV. CONSTRUCTION SOLUTION OF DARBOUX PROBLEM
One can readily see that

u-LR-R-Lu= %(UR,, ~Ru,), +%(uR§ ~Ru),

(6)
By using relation (6), where U is a regular solution of Eq. (1) in the domain A and R is function of Riemann-

Hadamard, and by applying the Green formula to the above-mentioned subdomains o, , o, , A, of the domain A
one can readily justify the relations

0= (UR; - Ru; JdE - (UR, —Ru, Jd7 =
(won, o, oo, )

=legp +1pc +lca + 1 ag,

where D = (&,,7,), C = ( ,770], =(%,§OJ,A:(0,O),E:(§Ov§o)-

Calculating the integrals 1zp,1pc.lca,l ag - ONE Obtains:

lep = URY|Z = URy (D) ~UR, (E) = u(&,770) — 7(&)

c
Ipc = -URy|y = -URy(C) +UR (D) = _W(TZ)]“'U(CEO:’?O)
Since d7 = ad& on AC then

5

= [u[R: —a(R, Je =

o'—;Q

o 70
ooan

=2 { u[(Rc,Zn_) —aR,, ), ]dcsflu[(Rc,Zn_l)g—a(Rgzn_lx,]dcs =

(&)de +
Jame—am e Jare—m)

3 oo )

. o Il @ - &)at " -7

e SAa -5 | ( - 0)1(5)0'5
n=1 0 x/(an - a? ﬂoxa &- 50)

. Hence
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<0 <0
lae = J.U(Rcf - Rn)d§ = IU[(RAl)g _(RAl)q}j§+
0 0
o %

a” a”
u[(RA%);—a(RAZn),]}i& ] u[(RAM);—a(RAM)U]dé =
0

- e:Jl(\C(t—f)(t—n))
= Alp - t)dt
(7<), R ) y(tdt+

o

. o (fet@s —mo)lea " -5
+Y Ala™&, -
n=1 (Ot ° )£ \/(anﬁ—az']foXa”f—qo)

y(S)ds +

<
. o 3 feta"s - &)la - )
T AZ_,: _,2n
nz:1 (O a 770).([ \/(0:”5—0!2”77010!”5—50)

Therefore, one can readily show that the solution of the problem D’ can be represented at the point (£,77) € A in the
form

w(&)de

3l et-at-n
N )

Jl(\/c(a"t - n)(tal’” -&

)
et
)
g

))z//(t)dt+

u(é,n) = (&) + W(Zj + M-8

(t)dt +

o'—.Q:‘\*.

+ Z:A(U B a2n71§)

Jl(\/c(a t— 5) tal_ -n
r(t)dt +

Jla"t-a¢fat—n)

o0

a
+ ZA(§ a®n aj
0

n=1

Jl(\/c(a”t—f) ta™" —77))
la"s ~a*"n)a"t—¢)

y(t)dt (7

Theorem 2. 1If functions (&) e C{O,l] a>1, y(£)eC?[0,1] and c¢>0 there exist a uniqueness solution to
[24

the problem D’ of the form (7).
V. CONCLUSIONS

In this article, we discussed a little-known method of constructing the Riemann-Hadamard function for telegraph
equation for the case with deviation from the characteristic. This result is a new study on the issue.
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