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Abstract: In this paper, we have established some common fixed point theorems for a pair of faintly compatible
mappings by removing the containments and weakening the continuity conditions from the results due to Bisht
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generalization of these results.
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I. INTRODUCTION

In recent years , the study of fixed point theorems satisfying some contractive-type conditions have been at the
centre-stage of some intense research activity and a large number of research papers devoted to the development of
fixed point theorems and their applications have appeared in the literature. To mention a few ,we cite [3,4,5,6,12,13].

A common fixed point theorem is a statement containing a set of conditions sufficient to ensure the existence of a
common fixed point of a number of self - maps in a metric space. Most of these theorems mainly contain a
commutativity condition , a condition on the ranges of the maps , some continuity conditions and a contractive or
possibly a Lipschitz-type or a Banach -type or a Boyd and Wong -type condition. Most of the authors used one or
more of these conditions or their various forms and obtained some remarkable success thereby enriching the
literature on fixed point theory. For instance , Jungck [7] introduced the notion of compatibility in the year 1986 by
weakening the concept of weakly commuting maps introduced by Sessa [16] in the year 1982 and established some
important common fixed point theorems in a series of his papers [7, 8, 9]. Pant [11] introduced the notion of R-weak
commutativity of maps in metric spaces by generalizing the notion of commutativity in the year 1994. In 1996 ,
Jungck [10] again generalized the notion of compatible maps by introducing weak compatible maps. Very recently ,
Bisht and Shahzad [2] introduced the notion of faintly compatible maps as those conditionally compatible maps
which commute on a non empty set of coincidence points of a pair of self-maps A and S in a metric space and also
established some interesting common fixed point theorems for non-commuting maps under both contractive and
non-contractive conditions. It may be worth mentioning that the notions of faint compatibility and conditional
compatibility are independent of each other and this was established by various examples in the paper [2].They
further claimed that the faint compatibility is a necessary condition for the existence of a common fixed point of a
pair of self-maps in a metric space.

In our present attempt , we have proved some common fixed point theorems involving faintly compatible, reciprocal
continuous , non- commuting maps in a metric space. Our results generalize the theorems due to Bisht and Shahzad
[2] in the sense that these results eliminate the containment conditions and also use weaker continuity conditions and
thereby obtaining proper generalizations. We further illustrate our results by suitable examples.

1. PRELIMINARIES
In this section , we recall some definitions and useful results which are already in the literature.
Definition 2.1. A pair of self-maps [4, S] of a metric space (X, d) is said to be

(a) compatible [7], if lim,_,d(ASx,,SAx,) = 0, whenever {x,} is a sequence in X such that lim,_, Ax, =
lim,_,,, Sx,, = x, for some x € X.

(b) non-compatible, if [4, S] is not compatible , i.e., if there exists a sequence {x, } in X such that lim,_, Ax, =
lim,_,,, Sx,, = x, for some x € X, and lim,,_,,d( ASx,,, SAx,,) is either non-zero or non-existent.
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(¢) Weak compatible [10], if the pair commutes on the set of their coincidence points ,i.e., for x € X, Ax = Sx
impliesASx = SAx.

(d) conditionally compatible [15], if whenever the set of sequences {x,} satisfying lim,,_,,, Ax,, = lim,,_,,, Sx,, is
non-empty , there exists a sequence {z,} in X such that lim,_, Az, = lim,_, Sz, =t, for some t € X and
lim,,_d(ASz,,SAz,) = 0.

(e) Reciprocal continuous [14], if lim,_,, ASx, = Ax, lim,_,, SAx, = Sx,whenever {x,} is a sequence in X
such that lim,, _,, Ax,, = lim,,_,,, Sx,, = x, for somex € X.

(f) Faintly compatible [2] , if [4,S] is conditionally compatible and A and S commute on a non-empty subset of
the set of coincidence points , whenever the set of coincidence points is nonempty.

(g) Satisfy the property E.A. [1], if there exists a sequence {x,} in X such that lim,,_, Ax, = lim,_,Sx, = x,
for somex € X.

The property E.A. was introduced by Aamri and Moutawakil [1] and is a generalization of the concept of non -
compatibility. The notions of faint compatibility and non-compatibility are independent concepts. Moreover ,
compatibility ensures faint compatibility but the converse is not true. The following example illustrates this fact.

Example 2.2. [2] Let X = [3,6] and d be the usual metric on X. Let A, S be self maps of X given by
Ax=3,ifx=30r>5Ax=x+1,if3<x <5.

S3=3§x=%2ﬁ3<xsssx=%%ﬁx>s

Then [A4, S] is faintly compatible but not compatible.

Lemma 2.3. If [4, S] is a pair of compatible self maps in a metric space (X, d) then they are weak compatible. But
the converse is not true.

Example 2.4. Let X = [0, 2] and d be the usual metric on X. Let 4, S be self maps of X given by

2—x,if 0<x < 1. x, if0<x<1.

Ax:{z,v1<xsz 2, ifl<x<2.

and Sx ={

Then [A4, S] is not compatible but is weak compatible.

Lemma 2.5. [14] If [A,S] is a pair of continuous self maps of a metric space (X, d), then they are reciprocal
continuous. But the converse is not true.

Example 2.6. [14] Let X = [2,20] and d be the usual metric on X. Let [4, S] be a pair of self maps of X given by

2,ifx=2 2,if x =2
3,ifx>2 6,if x>2

Then [A4, S] is reciprocal continuous but not continuous.

Ax={ and 5x={

I1l. MAIN RESULTS
Theorem 3.1. Let A and S be self maps of a metric space (X, d) such that
(3.1.1) [4, S] is non-compatible ,
(3.1.2) [4, S] is faintly compatible ,
(3.1.3) d(Ax,Ay) < kd(Sx,Sy), foreveryx,y € Xandsome 0 <k <1,
(3.1.4) [A,S] is reciprocal continuous.
Then A and S have a unique common fixed point.

Proof. Let {x,,} be a sequence in X such that Ax,, — t,Sx, - t, for some t € X and lim,,__d(ASx,, SAx,) is
either non-zero or non-existent (This is by virtue of (3.1.1)). Since [4, S] is faintly compatible and lim,,_,,, Ax,, =
lim,_,, Sx,, =t, there is a sequence {z,,} in X satisfying lim,,_,,, Az, = lim,,_,,, Sz, = u, for some u € X such that
lim, _,.d(ASz,,SAz,) = 0. As [4, S] is reciprocal continuous , we get lim,,_,,, ASz,, = Au,lim,_,, SAz, = Su and
so Au = Su. As [A, S] is faintly compatible , we get ASu = SAu and so AAu = ASu = SAu = SSu. If Au # AAu,
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we get by (3.1.3), d(Au, AAu) < kd(Su, SAu) = kd(Au, AAu), implying k = 1, a contradiction. So Au = AAu =
SAu and Au is a common fixed point of A and S. For uniqueness , let @ , B € X such that Aa = Sa = a ,AB =
SB =B, we get d(a,B) =d(Aa, AB) < kd(Sa,SB) = kd(a,B) and so d(a,B) =0 as 0 <k < 1. Therefore
,a = [ and hence the common fixed point is unique. @

The following example illustrates the Theorem (3.1)

Example 3.2. Let X = [0,4] and d be the usual metric on X. Let A, S be the self-maps of X given by Ax =1, if
x<1,Ax=2,ifx>1.Sx=2—x,ifx<1,Sx=4ifx>1.

(i) Letx, =1—— € X .Now Ax, - 1,5x, - 1, ASx, - 2,SAx, — 1and so

d(ASx, ,SAx,) + 0. Therefore, [4, S] is non-compatible.

(ii) Letx, =1.Now Ax, = 1,Sx, = 1and ASx,, - 1,SAx, - 1 and so d(ASx, ,SAx,) — 0. Therefore , [4, S]
is conditionally compatible. Also A1 = S1 and AS1 = SA1. Hence [4, S] is faintly compatible.

(iif) For x,y < 1,d(Ax, Ay) = 0 <3d(Sx,Sy) =3|x -y

For x,y>1,d(Ax,Ay) =0 <d(Sx,5y) = 0.

Forx<1,y>1,d(4x Ay) =1 s;d(Sx,Sy) =§|2+x|.

Forx>1,y<1,d(4x Ay) =1 S%d(Sx.Sy) =§|2+y|.

Therefore , the condition (3.1.3) is satisfied with k = %4

(iv) Let x,, € X such that Ax, = z,Sx, =» zin X. Then x, =1 =z and ASx,, —» Az,SAx, — Sz. Therefore ,
[4, S] is reciprocal continuous.

Therefore , all the conditions of the Theorem (3.1) are satisfied and we note that 1 € X is the unique common fixed
pointof Aand S. ®

Remark 3.3. Both the functions 4 and S of the above example are discontinuous and so do not satisfy the continuity
condition of the Theorem (2.1) of Bisht and Shahzad [2]. Therefore , the Theorem (3.1) is a proper generalization of
the Theorem (2.1) due to Bisht and Shahzad.

Theorem 3.4. Let A and S be self maps of a metric space (X, d) satisfying the following conditions:
(3.4.1) [4, S] is non-compatible ,

(3.4.2) [4, S] is faintly compatible ,

(3.4.3) d(Ax, Ay) < d(Sx,Sy), whenever Sx = Sy, x,y € X,

(3.4.4) [A,S] is reciprocal continuous.

Then A and S have a unique common fixed point.

Proof. In view of (3.4.1) , we get a sequence {x,} in X such that Ax, - t,Sx, —» t, for some t € X and
lim,,_,..d(ASx,,SAx,) is either non-zero or non-existent . As [A4, S] is faintly compatible , there is a sequence {z,}
in X satisfying lim,,_,, Az, = lim,,_,,, Sz, = v, for some v € X such that lim,,_,.,d(ASz,,SAz,) = 0. By (3.4.4), we
get lim, _,, ASz, = Av, lim,_,, SAz, = Sv and so Av = Sv. Again as [4, S] is faintly compatible , we get ASv =
SAv and s0 AAv = ASv = SAv = SSv. If Av # AAv, ie. , Sv # SAv, we get by (3.4.3) , d(Av, AAv) <
d(Sv,SAv) = d(Av, AAv), a contradiction. So Av = AAv = SAv and Av is a common fixed point of 4 and S. Let
a, B €X such Aa=Sa=a,AB =SB =L6.If a =B, we get d(a,pB) = d(Aa,AB) < d(Sa,SB) =d(a,B), a
contradiction. Therefore ,@ = 8 and hence the common fixed point is unique. ®

We now give an example to illustrate the Theorem (3.4). The example (3.2) also illustrates the Theorem (3.4).

Example 3.5. Let X = [2,[ and d be the usual metric on X. Let A,S be self maps of X given by Ax =2, if
x=2,Ax=6,ifx>2.5x=2,ifx=2,Sx=x+4,ifx> 2.
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(i) Letx, =2 +%e X.Then Ax, - 6,Sx, - 6 and ASx, —» 6,SAx, — 10 . Therefore ,d(ASx, ,SAx,)) + 0
and so [A4, S] is non- compatible.

(i) Withx,, =2 € X, we get Ax,, —» 2,5x, - 2 and ASx, — 2,SAx, — 2 and so d(ASx, ,SAx,) = 0. Also
A, S commute at the only point of coincidence 2 € X.Therefore, [4, S] is faintly compatible.

(iii) Forx =y =2,d(Ax,Ay) =0 < d(Sx,Sy) = 0.
For x,y >2,d(Ax,Ay) =0 <d(Sx,Sy) =|x—y|.
Forx =2,y >2,d(Ax,Ay) = 4 < d(Sx,Sy) =y + 2.
Forx>2,y=2,d(Ax,Ay) = 4 < d(Sx,Sy) = x + 2.
Therefore , the condition (3.4.3) is satisfied.

(iv) Let x, € X such that Ax, - z,Sx, - zinX. Thenx, =2 =z and ASx, - Az,SAx, — Sz. Therefore,
[4, S] is reciprocal continuous.

Therefore , all the conditions of the Theorem (3.4) are satisfied and we note that 2 € X is the unique common fixed
pointofAand S. ®

Theorem 3.6. Let A and S be self maps of a metric space (X, d) satisfying the following conditions:
(3.6.1) [4, S] is non-compatible ,

(3.6.2) [4, S] is faintly compatible ,

(3.6.3) d(Ax, AAy) + max{d(Ax, SAy),d(SAx, AAy)}, whenever the right side is non-zero, x,y € X,
(3.6.4) [A,S] is reciprocal continuous.

Then A and S have a unique common fixed point.

Proof. As [4, S] is non-compatible , we get a sequence {x,} in X suchthat Ax, —» t,Sx, — t,forsomet € X and
lim,_d(ASx,,SAx,) is either non-zero or non-existent. As [4,S] is faintly compatible and lim,_, Ax, =
lim, ., Sx, = t, there is a sequence {z,} in X satisfying lim,,_,, Az, = lim,_. Sz, = v, for some v € X , and
lim, . d(ASz,,SAz,) = 0. As [A,S] is reciprocal continuous, we get lim,__ ASz, = Av,lim,,_,, SAz, = Sv.
These give Av = Sv. In view of (3.6.2) , we get ASv = SAv. Hence we get , AAv = ASv = SAv = SSv. If Av #
AAv, we get by (3.6.3) , d(Av, AAv) # max {d(Av, SAv),d(SAv, AAv)} = d(Av, SAv) = d(Av, AAv) # 0, which
is a contradiction and so Av = AAv = SAv. Therefore , Av is a common fixed point of A and S. If « , § € X are
common fixed points of A and S and a # 8, we would get d(Aa, AAB) # max {d(Aa, SAB),d(SAa,AAB)}, i.e.,
d(a,B) # d(a, B), which is a contradiction and so a = 8. Hence the common fixed point is unique. ®

Taking x = y in (3.6.3) , we get the following result , which is a generalization of a result due to Bisht and Shahzad
[2, Theorem 2.4].

Corollary 3.7. Let A and S be self maps of a metric space (X, d) satisfying the following conditions:
(3.7.1) [4, S] is non-compatible ,

(3.7.2) [4, S] is faintly compatible ,

(3.7.3) d(Ax, AAx) + max{d(Ax,SAx), d(SAx, AAx)}, whenever the right side is non-zero, x,y € X,
(3.7.4) [A,S] is reciprocal continuous.

Then A and S have a common fixed point.

Proof. The proof is the same as the proof of the Theorem (3.6) without the uniqueness part. ®

We now illustrate the Theorem (3.6) by an example below.

Example 3.8. Let X = [2,[ and d be the usual metric on X. Let A,S be self maps of X given by Ax =2, if
2<x<5,Ax=8,ifx>5.5x=2,if2<x<5,Sx=x+3,ifx >5.

(i) Let x, = 5 + - € X. Now, Ax, - 8,5x, — 8 and ASx, — 8,SAx, - 11.
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Hence, d(ASx, ,SAx,)) + 0 and so [4, S] is non- compatible.
(it) Withx, =2 +}1€ X, we see that Ax,, = 2,5x, = 2 and ASx, - 2,S5A4x, — 2.

Therefore , d(ASx, ,SAx,) — 0 and so [4, S] is conditionally compatible. Also for x € X,
Ax = Sx implies 2 < x <5 and ASx = SAx. Therefore , [4, S] is faintly compatible.
(iii) We get AAx = Ax foreveryx € X. SAx =2if2<x <5 ,SAx =11,ifx > 5.
For2 <x,y <5 ,max{d(Ax, SAy), d(SAx, AAy)} = 0.

Forx,y >5,d(Ax, AAy) = 0 = max{d(Ax, SAy), d(SAx, AAy)} = 3.

For (2<x<5y>5)or (x>52<y<5), d(Ax,AAy) =6+ max{d(Ax,SAy),d(SAx,AAy)}=9.
Therefore , the condition (3.6.3) is satisfied.

(iv) Let x, € X be suchthat Ax, - z,Sx, > zinX.Thenz=2,2<x, <5and
ASx, - Az,SAx, — Sz. Therefore, [A, S] is reciprocal continuous.

Therefore , all the conditions of the Theorem (3.6) are satisfied and we note that 2 € X is the unique common fixed
pointofAand S. ®

Remark 3.9. The above Theorems (3.1, 3.4, 3.6) remain true with proofs unchanged if we replace the condition
" [4, S] is non-compatible " by a weaker condition " [4, S] satisfy the property E. A."

Remark 3.10. The Theorem (3.6) remains true if we replace the condition (3.6.3) by
"d(Sx,5Sy) # max{d(Sx, ASy), d(ASx,SSy)}, whenever the right side is non-zero, x € X".

Remark 3.11. Fixed points of Corollary (3.7) need not be unique. For example, let us consider the usual metric
space (X, d), where X = [0,2]. Let A and S be the self maps of X given by
) _{x,ifOSxSl. 2—x,if 0<x<1.

2, ifl<x<2. 2,ifl<x<2.
Then A and S satisfy all the conditions of the Corollary (3.7) and 1, 2 € X are distinct common fixed points of A and
S. It may be verified that [4, S] is non-compatible (consider the sequence x, =1 — % ). Moreover [4, S] is faintly
compatible and reciprocal continuous. Furthermore , Ax = AAx and so the condition (3.7.3) is satisfied. ®

and Sx = {
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