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Approximation Solution of Linear Fredholm-Stieltjes
Integral Equations of Second Kind Using Generalized
Simpson’s Quadrature Method
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Abstract: TheLinear Fredholm-Stieltjes Integral Equation of the Second Kind (LFSIESK) is of wide spread use
in many fields of engineering and applied mathematics. The quadrature methods are remarkable among the
variety of numerical solutions to this equation.The aim of this paper is to find an approximation solution of the
LFSIESK using the quadrature method the Generalized Simpson’s Method (GSM). Numerical example is
presented at the end to show the efficiency and accuracy of the presented work. The software Maple 18 is used
for the computations.
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. INTRODUCTION

Integral Equations (IE) are frequently being used in different areas of applied mathematics, physics, and engineering
etc. [1-6].The LFSIESK is one of the most practical ones[7-9]. A number of humerical solutions have already been
proposed to this equation [10-17]. Nevertheless, an efficient low-cost solution to this equation has remained a
scientific inquiry. In particular, the modification made to the quadrature method is still of high complexity.

Consider the following LFSIESK,
b
u(x)=f(x)+A[k(xtu(t)de(t) (1)

Wherea< x<b ast< b,K (X,t)—kernel of the function, U (X) -unknown function, f (X) -givenfunction,

a(t)—strictly increasing function and A e€R.If a(t)zt then it is LFSIESK and the studies about its
approximation solutions using quadrature methods can be found in [1-2].

In this article it was taken if a(t) #1 .The Approximation quadrature method, Generalized Simpson Method to

compute Stieltjes integrals are given in [14],[15], and[16], respectively. These methods were used to find
approximate solution of LFSIESK in (1).

II. NUMERICAL SOLUTION OF LFSIESK USING THE GTM

= [ £()dg(0,h=""2 x —a+ihi=012..2n neN
n

D C—— T

2
where f (X) isa given continuous function on [a, b] and g(X) is a given function ofbounded variation on [a, b].
It is known [16, 205 p.], that the function g(X) presented in the form

g(x) = #(x) —w(x).x €[a,b] ©)
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where @(X) and y(Xx) are the known increasing functions, on [a,b].

Solving the LFIESK using the GSM, we get
’/'\1 = %X{W(quz) _¢(X2i)][ f (XZi) +4f (X*zm) +f (X2i+2)] _[‘//(inz) _l//(XZi)][ f (XZi) +4f (X**zm) +f (X2i+2)]}
905, = 1000 900, D]y 0%, =[x 4y,

u(x) = [ K y)u(y)dg(y) + £ (0,= [K (6 y)uy)dg(y) - [K(x yuly)dp(y) + £ (0, x < [a,b]

= KOOI = ¢ TR O8O ) 4K 073,007, Kk D006 D[4 05) -5 )

{ [K (X, X )u(X,) + 4K (X, Xx*)u(x*,) + K (%, %,)u(x,)]-[#(x,) - ¢ (%, )]+
+[K(x,x2)u(x2)+4K(x,x *U(xX*) + K x ) u(x) ] [4(x, )-8 (%, )] +... +
+[K(x,x2n72)u(x2n72)+4K(x,x*2n U ) +K(x, xZH)u(xZn ] [6(%,)-6(%,,,)] }.xe[ab]

where
. ¢1(¢(xz);¢(xo)), ) r ¢1(¢(x4);¢(x2))1 X xe ¢1(¢(x2n)+2¢(x2n_2))

b

I = J' K (x, y)u(y)dw(y) ~ lnZ[K(x, Xy JU(Xyq) + 4K (X, X%, (X% 1)+ K (X Xy UKo, ) [0 (X))~ (%) ]

{ [K (X, XU (%) + 4K (6 X*%)u(x**%) + K (X, X, )u(x,)].[w ( )= (%)]+

+[K(x X)U(X,) + 4K (X, X% )u(x**,) + K (X, X, u(x,)]-[w (%) - (X,) ]+ +

|:K(X X2n Z)U(XZI‘I 2)+4K(X X**Zn 1)U(X** )+K(X X2n)u(X2n :' !// 2n 2 :| }
Where
Xl**:W,l(w(xz)w“w(xg))lXa**:l//,l(w(XAﬁw(Xz)) _____ in_l**:l//1(‘//(in)+2‘//(in_2))

u(x)z1 [ (3% DU (%) + 4K (x, %, (%) + K (% 5,)u(%) [ (%) — (%) ]+

+ K(x X, JU(X,) + 4K (X, X, )u(x )+ K(x, x4)u(x4)l¢(x4) o(X, )] ....... +

+ K(x Xon 2 U(Xy, 5 ) + 4K (X, X, 4 )u(x2n_1 )+ K(X, x2n)u(x2n)l¢(x2n) @(X,, 2)]

- K(x X )U(X,) + 4K (X, X, )u(x )+ K(x, Xz)u(xz)lW(Xz) z//(xo)]

— K(x X, )U(X,) + 4K (X, X, )u(x )+ K (X, X )u(x4)11//(x4) w(X, )] ....... —

— (K (X, X 5 U(Xpp 5) + 4K (X, X0 1 UG5 )+ K(X, in)U(in)Il//(in) v (% 2)] 1+ F(X)
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~ % { [K (X, Xo)[¢’(xz) - (/’(Xo)]u(xo) +4K(x, Xi*)[(/’(xz) - @(XO)}J(X;) +K(X, Xz)[(/’(xz) - (/’(Xo)]u(xz)]+

+ K06 0)006) - 906 106) + 4K (6 3 p(x) — 0010 )+ K (6, %)) - o0 () |+ . +

KO X )0 00) = 902 ) )+ 4K (% X P 060) = 9002 M5+ K (X X006 9000 M) -
~ KO 06~y ) ) + 4K 0,3 ()~ w O ™) + K 6 ) ()~ w ) ) |-

KO0 (00) = 0 ) + 4K (5 () = 0D ™) + K 6 X () =y ) 06 | v

- [K(X, XZn—Z)[‘//(XZn) - ‘//(infz)]u(Xanz) +4K (X, XZn—l**)[l//(XZn) - W(XZn,z)]U(in,lﬁ) +K(x, in)[‘//(xzn) - l//(Xsz)]U(XZn)] }+
+ f(x)

2Ot ol - - Tl )+ K 0l ) - o, o )+

+%{K(x, X))~ (% )]+ g%, ) = ol )= [ ()~ g )] = [, ) =, ux, )+

+%K(X. x¥)lx )= ol Ju(x, *)+%{K(X, x)lo(x,) = 0%, )+ [o(x ) = p(x )]~y (x,) = (% )]= [y () = (%, u )+ +
+%K(X. Xon NP (%en ) = 9 (e o e *)+%{K(X, Xon ) [9(an) = 9 )] = (X ) = (g Mz ) +

2K 00l ) o O )+ 5K (0 (1) = 6 Tl )t 2K 60yl ) =00 i 1+

+ (%)
u(x) = A () + A G0 )+ A0 )+t Ay (X1 )+ Ay (XN, ) +
+B

)
(X0 %)+ B, (X * %)+ .+ By (X4 **)+ £ (X)

Where

A ()= £ (KO [[6(x) =661 [ () = ()]} A (0 =5 K(x x[8() - 6(,)]
Az<x>=§{K<x,xz>[[¢ )= 806)]+[8(x) -8 ()] [y (x)=w (x)]-[v (x)-v (x)] -
Ao () =2 KO0, 8 06) =806, )] A ()= ¢ (K0 [[0%, )l () - (e )T

2
Bl(x) ZEK(X’ X **)[W(Xz)_y/(xo)]’Bz(X) ZEK(X’Xs **)[‘//(XA)_W(Xz )]""' Bn(X) :gK(X' sz**) [W(in)_w(xznfz)]

U0R) = A0 U0K) + A GIUOE) Ay (U)o Ay s (DU )+ Aoy (R I ) +
+ Bl(xo)u(x1**) + Bz(xo)u(xs**) + Bs(xo)u(xs**) +...+B, (XO)U(XZn—l**) + (%)

U() = A OOUG) + AU ) + A (X UG+t Ay (X UKy )+ Agy (6 DU(Xy,) +
+B, (X u(x, )+ B, (X u(Xs )+ By (% Ju(Xs )+t B O WU (Xgpy )+ (X))

u(,) = A UX) +A U ) + A (U)ot Ay (U (X4 )+ Ay (X )U(X,,) +
+B, (U ) + B, () )u(X, )+ B0 )U(Xs )+ + B ()UK, )+ (%)

UKoy ) = Ay (X JU(XG) + A Xy U )+ Ay Xy W) + oot Ay (Ko WKy )+ Ay (Xopy JU(Xp) +

+ Bl(XZn—l*)u(Xl**) +B, (X2n-1*)U(X3H) + B, (X2n-1*)u(xsﬁ) +..+B, (X2n—1*)u(X2n—1**) + f (XZn—l*)
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U(X) = Ay (Ko )U(Xo) + A (Xon JU(X, ) + Ay (Xop JU(X,) +eeet Ay (X U Xy )+ Agy (X JU(Xy, ) +
+ B, (X JU(X, ) + By (X U(Xy )+ By (Xop U(Xs )+ By (o UKy )+ T (Xy)

UOG ) = A )UM) + A GG UG + A 0 UOG) +oet Ay 3 (6 UKy )+ Ay (X U(X0) +
+B,0x UG+ By (% (%) + By UK )+t By (4 UKy )+ F (%)

UG ) AN UG+ A U )+ Ay (X UG) .t Ay (X UKy )+ Agy (X IU(Xy, ) +
+B, (% U, ) +B, (% Ju(Xy )+By(% Ju(Xg ).t B (X WXy )+ F(Xs )

Uy = Ay (%) Ug + A (U, + A (X Uy +.oo+ Ay (X )y + Ay, (XU, +
+B, (XU, +B, (X Uy +By(X)Ug 4.4 B, (X Uy, + F(X,)

u = A ) U+ AU + A XU+t A (X Wy, + Ay (% Uy, +
+B,(x U, +B,(x Uy +By(x s ..+ B (X My, + T (X))

U = A0 Uy + A G+ A (XU, ot Ay (XU + Agy (X)U, +

+B,(X)U, +B, (XU + B (X, U A+t B (X)), + F(X,)..

Uy = Ay (Xons Mg+ A (g Wy + Ay (X g W et Ay (Ko s Wy + Agy (X My +
+B,(Xpn 4 MUy +By(Xppy Mg +By(Xons s 4ot By (Xon g Won g + F(Xons )
Uz, = Ay(Xp0)Ug + Al(XZn)ul* + Ay (X Uy +.t AZn—l(XZn)UZn—l* + Ay (Xon Uy, +
+ B, (Xp0 Uy + By (Xpn Uy + By (Xop Uy et By (Xop Mpn g+ T (Xgn)
u” = A U+ A U, A Uy e+ Ay (X WUy + A (XU, +
+B (% U, +B, (X YUy +By (X, s At B (X Wy, + T (X))
U, = A Uy + A U, + A (X U+t A (X WUy, + A (XU, +
+B (% U, +B, (X, YUy +By(X, YU .+ B (X Iy, + F(X ).
Uyy = Ay Koy IUg+ A Xopy U + A Xy Wy + oot Ay i (Xony Wony + Ay (Xopy WUy, +

+ Bl(XZn—l**)ul** + BZ (XZn—l**)u’o‘** + BS (X2n—l**)u5** +.o.t Bn (XZn—l**)UZn—l** + f (X2n—1**)
Taking every term to the leftside for each equation (making them homogeneous) we get the following system of
equations (*)

(L= Ay (X))Ug = A XUy = Ay (Xo)Up == Ay (X6 DUz s = Agy (X )U =
- Bl(xo)ul*k - Bz (Xo)usﬂ - B3 (Xo)us** T Bn (XO)UZn—l** =f (Xo)

- Ao (Xl*)uo + (1_ A1(X1*))u1* - Az (Xl*)u2 T AZn—l(Xl*)UZn—l* - Azn (Xl*)UZn -

- Bl (Xl*)ul** - Bz (Xl*)u3** - B3(X1*)u5** T Bn (X1*)u2n—1** =f (Xl*)

- Ao(xz)uo - Al(XZ)ul* + (1_ Az (Xz))uz T A2n71(xz)u2n71* - A2n (XZ)UZn -
- Bl(xz)ul** - Bz (Xz)uaﬂ - B3(X2)U5H T Bn (XZ)UZn—l** = f (Xz)
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— Ay (X Mg = A (o U3 = Ay O YWy =t (= A O ) Mans” = A (X s i —

- Bl(xzn—l*)ul** -B, (X2n—1*)u3** -B; (in—1*)us*k -..—B, (X2n—1*)uzn—1*k =f (in—1*)
- Ao (in)uo - Al(XZn)ul* - Az (XZn)UZ T A2n—1(x2n)u2n—1* + (1_ A2n (XZn))UZn -
- Bl(XZn)ul** - Bz (in)us** - Bs (in)u;* T Bn (XZn)uzn—l** =f (in)

- AO(X;*)UO - Al(xl**)ul* - Az (Xl**)UZ T A2n71(X1“)u2n—l*k + Azn (Xlﬁ)UZn +
B O =By U, = By s == By (6 Mgy = £ (47)
_Ab(xsﬁ)uo - Ai(xsﬁ)ul* - AZ(X;*)UZ T A2n71(xsﬁ)u2n71** - A2n (Xsﬁ)uzn -
=By (%), + (1= B (%) Jus " = By (% s = = B (% ey = F (7).

-A (X2n—l**)u0 - Al(XZn—l**)ul* -A, (X2n—l**)u2 e AZn—l(XZn—l**)UZn—l* -A, (X2n—1**)u2n -
- Bl(XZn—l**)ul** - Bz (X2n—1**)u3** - Bs (in—l**)us*k —.t (1_ Bn (X2n—l**))J2n—1** = f (in—1**)
where

[ Cll 012 C1,2n+1 C1‘2n+2 Cl‘2n+3 C1,3n+1 17 A()(Xo) Al(x(]) AZn(XO) Bl(XO) BZ(XO)

Co o G v Cognn Cogng Cogns o Cona AO(X;) Al(xl*) AZn(Xl*) B1(X1*) Bz(X;)

_03n+1,1 C3n+1‘2 C3n+1,2n+1 03n+1‘2n+2 C3n+1‘2n+3 C3n+1‘3n+1_ AO(XZn—l) Ai(XQn—l) A2n(x2n-1) Bl(XZn—l) BZ(XZn—l)

and if we write ,

ok

* ok s T
Z = [ Uty Uy U Uy U5 Uy

* ok ko Fk T
D=[f (%), f (xl ) f(X,)senf (Xp) (x1 ) f (x3 ) i (xmf1 )]
and the identity matrix E ., 5.,,, then we can rewrite the above system of equations (*) as matrix form
(E3n+1,3n+1 _C)Z =D

III. ILLUSTRATIVE EXAMPLE
Let’s consider the following LFSIESK,

u(x):j.(1+\/;\/§)u(s)d (\/g)—l\/; xe[0,1]

2

Where

K(xs)=1+xs,  ¢(x)=x, w(x)=0, f(x):—%\/;, x. =a+ih

b-a 1-0 1
h=—=——-=—=0.1, x =0,x, =0.2,Xx,=04,x. =0.6,x. =0.8,x,. =1
2n 25 10 0 2 4 6 X8 XlO
n GTM GSM
0.3117197700 0.2889598762
10 0.3307884409 0.2988484072
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IV. CONCLUSION

The Linear Fredholm-Stieltjes Integral Equations of Second Kind are usually difficult to solve analytically. In many
cases, it is required to find the approximate solutions, for this aim the presented methods can be proposed. From
numerical examples, it can be seen that the proposed numerical methods are efficient and accurate to estimate the
solution of these equations, also, it can be seen that when the values h decreases, the absolute errors decrease to
small values.
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